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A technique for calculation of polarized bremsstrahlung probability within the equivalent photon 
approximation is developed, based on reduction of the electron spin matrix element to a form 
V-y" + As-y'^ For the fully differential cross-section in the lab frame it is shown that the radiation 
polarization is directed along a family of circles passing through a pair of intensity dips. Those 
circles correspond to meridional circles in the initial electron rest frame, and the correspondence 
with the lab frame emission is classified as a stereographic projection. Integration over momentum 
transfers in an intrinsically anisotropic target is performed, all the anisotropy effects within the 
dipole approximation being accumulated into a special modulus-bound transverse vector, N . To 
exemplify a target with A'^'^ ~ 1, we calculate radiation from electron incident at a small angle on 
an atomic row in oriented crystal. Radiation intensity and polarization dependence on the emission 
angle and frequency for fixed N is investigated. A prominent feature is the existence of an angle 
at which the radiation may be completely polarized, in spite of the target isotropy - that owes to 
existence of an origin-centered tangential circle for polarization in the fully differential radiation 
probability kernel. Net polarization for the angle-integral cross-section is evaluated, which appears 
to be proportional to N'^ /2, and decreases with the increase of the photon energy fraction. 

PACS numbers: 41.60.-m, 61.80.Az, 61.80.Ed, 78.70.-g, 95.30.Gv 

Keywords: equivalent photon approximation, polarized Compton scattering, anisotropic scattering, 
bremsstrahlung 



I. INTRODUCTION 



Relativistic electrons interacting with matter emit 
plenty of gamma-radiatioiij^ which may be used for prob- 
ing nuclei and hadrons or to deliver information 
about the medium the electrons move in. The full set 
of the radiation characteristics includes photon polariza- 
tion, which correlates with the preferential direction of 
acceleration of the radiating particle in the medium, and 
also with the azimuthal angle of photon emission. De- 
tection techniques sensitive to 7-quantum polarization 
have been developed to date at various frequency scales 
iii. 

Calculations of polarization of radiation in atomic col- 
lisions (bremsstrahlung) date back to 1950's 0, [1, 
but at that time they focused solely on electron interac- 
tion with one atom, which possesses spherical symmetry. 
That entails axial symmetry of the process, making net 
polarization of the radiation (when integrated over the 
relativistically small emission angles) vanish. Later on, 
polarized radiation at electron periodic motion in trans- 
versely anisotropic fields (representing synchrotron or un- 
dulator magnets, or electric field in a crystal) had been 
studied (see and refs. therein), but given the com- 

plexity of the problem of particle motion in a field, it had 
been analytically accopmplished only with fields depend- 
ing on one spatial coordinate - planar or axial geometry, 
which probably do not cover all the cases of interest. 
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A simplifying property of electron scattering in atomic 
matter is that small (relative to the electron mass) mo- 
mentum transfers to atoms dominate ^36j . That en- 
ables one to benefit from the equivalent photon ap- 
proximation [u!, [H [H [13, [H (in application to the 
bremsstrahlung problem also called dipole approxima- 
tion), according to which the polarization-dependent part 
of the bremsstrahlung process amplitude is similar to 
that of Compton scattering. Technically, it is interest- 
ing to note that for Compton scattering there is a possi- 
bility to simplify the procedure of summation over elec- 
tron spins, due to a particular choice of photon gauge 
(purely spatial in the initial electron's rest frame [16j), 
and still more if an appropriate matrix basis for electron 
spin transition amplitudes is employed. We are going to 
explicate that procedure here, since it may be of more 
general applicability. Yet, the initial electron rest frame 
allows to infer some non-trivial symmetry properties of 
the polarized radiation angular distribution. 

Our next, physical objective in this paper is to study 
electron radiation at passage through matter, but un- 
der conditions of azimuthal anisotropy of the scattering. 
The value of the dipole approximation is that it makes 
the radiation differential probability simply a quadratic 
form in the transferred momentum. That permits aver- 
aging over the momentum transfers in matter, basically, 
in a model-independent way, thus separating out the po- 
tentially complicated problem of electron motion in an 
anisotropic external field from the radiation process (but 
not necessarily relying on the scattering factorization as- 
sumption yet). Averaging of the generic quadratic form 
leads to accumulation of all the anisotropy effects into a 
single transverse vector, pointing along the preferential 
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direction of momentum transfer, and having the absolute 
value related to the asymmetry degree. Then, all the ra- 
diation characteristics are to be expressed in terms of this 
vector, and studied as functions of its modulus. Last not 
least, it is important to discuss how high are the exper- 
imentally achievable values of the anisotropy degree and 
the radiation polarization. 

The paper is organized as follows. In Sec. [IT] we 
define the equivalent photon approximation for the 
bremsstrahlung process, implying at that stage the scat- 
tering factorization. Sec. IIIII describes a method for eval- 
uation of polarized Compton cross-section based on a 
specific Dirac spin matrix basis choice. In Sec. IIVI we 
specify the obtained Lorentz-invariant Compton cross- 
section to the lab frame and discuss the kinematical rela- 
tions obeyed by the polarized photons. In Sec. |V] all the 
properties of the fully differential radiation probability 
are summarized. In Sec. lVII we turn to the averaging over 
momentum transfers in matter which requires relaxing 
the scattering factorization assumption, and to the anal- 
ysis of possibilities for high anisotropy with macroscopic 
targets. Sec. IVIII provides expressions for photon polar- 
ization degree and direction (which we consider as being 
of more experimental interest than the Stokes parame- 
ters) as functions of the angle and energy fraction, and in- 
cludes illustrative analysis of radiation intensity and po- 
larization angular distributions. We thereupon specialize 
our equations to the case of isotropic target, demonstrate 
the correspondence with the previously known formulae, 
and call attention to some rarely mentioned angular dis- 
tribution features. In Sec. IVIlIl we end up with the inte- 
gration of the polarized radiation yield over the emission 
angles. Equations are obtained for spectral distribution 
of unpolarizcd intensity and polarization. A summary is 
given in Sec. IIXI 

II. BREMSSTRAHLUNG UNDER 
FACTORIZATION CONDITIONS 

Let electron (mass to) scatter on an atom (or a well- 
defined atomic cluster in matter, not necessarily spheri- 
cal), and assume only single photon being irradiated. De- 
noting by p and p' the electron's 4-momenta in the initial 
and in the final state correspondingly, by g - the momen- 
tum transferred to electron from the atom [s^l , and by q' 
the momentum of the emitted photon, the 4-momentum 
conservation law and the mass shell conditions read: 

p + q = p' + q', 

p^ ^ = TO^, = 

(throughout we adopt units c = h= 1). Initial and final 
electron bispinors u, u' obey Dirac equations 

(p • 7 — m)u — 0, (la) 
u'{p' • 7 - to) = 0, (lb) 



and the normalization conditions 

uu = u'u' — 2m. 

The final photon polarization vector e'^, without gauge 
fixing yet, satisfies 

e'-q' = 0, e'2 = -l. 

Polarizations of the photons exchanged with the target 
can be regarded as certain, described by a vector e'^, 
granted that the target is heavy and recoilless. To view 
it as a source of a static potential in the laboratory frame, 
we subject e to gauge and normalization conditions 

e-q^O, e2 = 1. (2) 

A. Scattering factorization conditions 

Let us begin with a simplified problem of radiation 
under the scattering factorization condition. The scat- 
tering factorization property implies finite-range interac- 
tion during an ultra-relativistic collision, when the time 
of the scattering is much shorter than the typical time 
of internal processes, including the radiation emission (a 
sort of impulse approximation). That makes the photon 
predominantly emitted from the electron 'legs' prior to 
and after the scattering. To remind how it formally man- 
ifests itself in different popular frameworks, first refer to 
the target rest frame, where one observes relativistic ex- 
tension (by Lorentz- factor 7) of the radiation coherence 
length 13] q~^ ^ -f/m {q^ stands for the longitudinal 
component of typical q in the process, more precisely 
- see Eq. (|4ip below), relative to the field localization 
domain ~ ra (the atomic radius). The factorization con- 
dition is thus 

gzra < 1. (3) 

From another viewpoint, in a frame where the electron is 
non-ultra-relativistic and evolves together with its elec- 
tromagnetic proper- field at times ~ m~^, now the target 
atom becomes longitudinally Lorentz-contracted to the 
size ~ ''a/7, and appears to the radiating electron as a 
short kicker, leading again to the same condition ([3]). Fi- 
nally, if working in the momentum representation, say, 
in terms of Fcynman diagrams, the emitted real pho- 
ton typically changes the electron virtuality (square of 
its 4-momentum in a virtual state) by amount ~ rn?. 
As for momentum exchange with the target, individual 
longitudinal transfers ql which are of the order of r~ 
(^■gi'^ — qz is kinematically restricted to be <C r~^, 
though) make denominator of the electron's propagator 
relativistically large, but a proper compensation arrives 
from the energy numerator, typical for vector coupling 
theory (the same reason as for finiteness of forward cross- 
sections - see, e. g., [13 )■ However, if the real pho- 
ton is emitted in between the momentum exchanges with 
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FIG. 1: Factorization of the photon radiation amplitude at 
electron scattering on a static source of electric field. Line 
thickness reflects the electron virtuality, or fastness of the 
process: thinnest lines represent real electrons, medium thick- 
ness lines - propagation between the scattering and photon 
emission, thick line - propagation between the scatterings. 



the target, it sphts a hard electron propagator into two 
hard ones, without a numerator compensation. There- 
fore, largest are contributions from diagrams in which the 
real photon is the first or the last one in the sequence, 
leading to the same ordering of radiation and scattering 
as inferred from the previous spatial consideration - see 
Fig. [TJ The technical profit from the encountered order- 
ing is that it allows factorizing the amplitude of the entire 
process into a (nearly on-shell) amplitude of scattering 
and the amplitude of radiation at a single scattering [l^ . 

As for the Dirac matrix structure of the scattering am- 
plitude, for small-angle scattering it is particularly sim- 
ple. In each contribution to the amplitude from propa- 
gation between the scatterings (say, on the initial end) 



(p + ^ g{''))2 _ ' 

the spin numerator can always be recast as 

e • 7 • 7 + g*-'*' • 7 + e • 7 
= 2e • pe • 7 + ( — p • 7 — g''-' • 7 -I- to j 



(4) 



With e ■ p/ni = 7 (Lorentz- factor), 



^u/u't 



the second term in ([4]) is generally O (7"^) relative to 
the first one and can be neglected within the accuracy of 
the factorization approximation ([3]) . Proceeding so in all 
orders, the matrix scattering amplitude can be written as 
e • 7^s^ft(g_L), where ^^^^[(g^) is the spin-independent 
forward angle scattering amplitude including all orders 
in perturbation theory. Physically, it can be regarded as 
diffractive, so that its spin independence is intuitive. 

Ultimately, the factorization theorem for the small- 
angle bremsstrahlung process assumes the form 



4^eAf,.ad(g±,g'){l + Ofe^a)} (5) 



Mrad = U' 



* • l{p • 7 + g • 7 + TO)e • 7 

2p-q + q'^ 
e . ^(^p • 7 — q' • 7 + m)e'* 



(6) 



the tree-level radiation matrix element, and ^scat (<?-!-) 
- the exact elastic scattering amplitude abridged of the 
conserved electron bispinors. If we normalize A'^^l {q±), 
in accord with its diffractive origin, so that the diffractive 
scattering differential cross-section expresses as 



j_ I ^diflr 



(27r)2 



(7) 



the factorization theorem for probabilities will read 



q' 



1 I ,2 d'^q± d^ 
dar^d = l^\Tfr\ (2^)22^;/ (27r)32q^ 

= daS('7±)rfW^rad(g±,<z')- 



Here, 



Ana 
AEE' 



|A/rad| dr 



9' 



(8) 



(9) 



is the differential probability of single photon emission 
into a Lorentz-invariant phase space volume 



dV, 



d^ 



q' 



(27r)32<z(, 



(10) 



{E, E', <7o are the energies correspondingly of the initial 
and final electron, and of the emitted photon) . 

It is important to stress that the formulated theorem 
does not require the softness of the emitted photon in 
the sense that its energy may be of the order of initial 
electron energy. That is why in Eq. ([6]) the spin structure 
of the radiation matrix amplitude is essential. 



B. Comptonization conditions 

Although q^ is not subject to exact mass-shell restric- 
tion, but in atomic matter q is typically soft (and space- 
like), i. e., 



— 2 2 

r„ ^ TO . 



(11) 



Other kinematic invariants in the problem, p ■ q and p' ■ q, 
are ~ (as will be manifest in Sec. lIVp . So, everywhere 
except in the overall factor to be isolated later on, q"^ 
can be neglected, thus leading to the equivalent photon 
approximation: 



rad 



M, 



Compt 5 



(12) 



M, 



Compt 



* • l{p • 7 + 9 • 7 + m)e ■ 7 

^q 

e . j(^p ■ J — q' ■ J + m)e'* ■ 7 



.(13) 
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The actual accuracy to which approximation ([T2|) holds 
may be not immediately obvious, given that momentum 
variables are partially contained in electron bispinors. 
We shall see (Sec. IIVI and Appendix]^ that for electron 
spin dependent part of radiation intensity, the accuracy 
of the equivalent photon approximation for the radiation 
block may be 0{q/m), instead of 0{q'^ /m?) characteristic 
for a spinless charged particle. Furthermore, when folded 
with differential cross-section of scattering in fields with 
Coulombic cores, the accuracy of the equivalent photon 
approximation becomes only logarithmic [111, [H, [3, [3] , 
which will be concerned with in Sec. IVI CI 

To simplify expression (|13p . let us now commit our- 
selves to the gauge of orthogonality to the initial elec- 
tron momentum, which is known to be advantageous in 
Compton scattering JJi]: 



dof „ 
• P = ! 



ep ■ q, 



dof _ 

• p = 



(14) 



Then, in the matrix element (|13p p ■ 7 may be anti- 
commuted with Cp • 7, • 7, to get in a position neigh- 
boring to Up, and by virtue of Dirac equations (|la|) be 
canceled with the mass: 



Mo 



'ompt 



In this 



2p-q 



79 -TCp -7 



we will only be 



2p-q' 

(15) 

interested in 



paper, 

\Mconipt{q±,q')\'^ averaged over initial electron's and 
summed over final electron's polarizations. By the trace 
technology [l^, [l^, [2^ , the latter quantity should be 
evaluated as a spur 



Mcomptr ) = T;Sp\ (p' • 7 + "i) 

cl.spin Z 



S ■ 79 ■ 7ep ■ 7 ep • 79 • 76 • 7 

X I — : \ : I (p • 7 -f m) 



2p-q 



2p-q' 



<-iq-ie'--f ^ ej, • 7g' • 76! • 7' 



2p-q 



2p-q' 



(16) 



Thereat, disappointing is that the polynomial under the 
spur is of 8th deg ree in 7-matrices, and its algebraic 
decomposition [l6| produces quite a lengthy expression, 
terms of which are yet subject to strong mutual cancela- 
tions, whereas the grouping is not unique. 

Generally, a faster and technically less ambiguous ap- 
proach to calculation of QED processes (yet, giving ac- 
cess to electron polarization observables, which will not 
be our concern here, though) is evaluation of a complete 
set of electron spin amplitudes related to some Dirac (or 
Pauli) matrix basis. Techniques along these lines were 
developed in diverse fashions - see Refs. [l^ and cita- 
tions therein. But Compton kinematics actually appears 
to be special. We are going to show that it suggests a 



spin matrix choice different from any of the Refs. [l9[, 
and proving best suited for the differential cross-section 
calculation with the account of initial and final photon 
polarizations. 



III. COVARIANT CALCULATION OF 
POLARIZED COMPTON SCATTERING 

Choice of spin matrix basis Our particular ap- 
proach for Compton scattering consists in the following. 
To start with, make use of the standard 3-7-matrix de- 
composition rule [11] 

to bring Afcompt to a l-7-matrix form 

A^compt = u' {y^r ~ ie';^GPelYfe'"'^'') u, (18) 
with abbreviations 

^pQ ' ~ Q ' ^ Q ' ~ Q Gp ' ^p 



2p-q 

G"3 = 



2p-q' 



V/3 



2p ■ q 2p ■ q' 



(19) 
(20) 



Here, it is fortunate that vector G, alongside with Cp and 
e'p in (|18p. happens to be orthogonal to p: 

G-p^O. 

Thus, one may explicitly project the axial matrix-vector 
amplitude in Eq. (|18p onto its only allowed direction || p: 



^ ^p Sp 



m 



The action of p^^f"^^ /m on Up in Eq. pB]) is equal to 
that of —7^ , and one is left with a representation 



with 



^5 = ie' 



(21) 



(22) 



Yet, without transcending the generic structure of 
Eq. (US]), we are free to add to vector an arbitrary 
vector proportional to {p — p')°', since by Dirac equations 
(llaHlbp it gives zero contribution to the amplitude. It is 
advantageous to tune it so that V becomes orthogonal to 
momentum p: 



[p - p'Y 

Bp q ■ Cp- q ■ S_ _|_ _ p/-^a ' S 



2p-q 



2p-q' 

e^e'; ■G-e'p''*ep-G + G"'ep-e 



{p - p'Y 

i^ p-q + p-q' 

p ■ p' — m? 



(23) 
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(in the last equality, for future convenience, we passed nents, exactly as many as is appropriate for parametriza- 

from products of polarization vectors with photon mo- tion of a matrix describing transition between two spin- i 

menta to their products with one and the same vector G). on-shell particle states. 
Now, Vp and contain in total 4 independent compo- 



Compton differential cross-section averaged over electron polarizations Upon substitution of Eq. (fTSl) 
to Eq. (fTB|) . the spur is calculated trivially {p^ has nothing to contract with but p'^), yielding [39] 



Compt I 



1 



= T^Sp (p' • 7 + m) (Fp • 7 + {p-l + m) {V; ■ 7 - AIj') - 2(p • p' ~ m') - \Vp\' + | A| 



cl. spill 2 

The square of amplitude Vp from Eq. ([23|) obviously is 



IK 



1 ( p-q + p-q' 

\P ' p ™' 



Ultimately, we observe an identity 



e"e'* • G ■ 



Gp ' ^ I 



(|epl^ |ep 



(24) 
(25) 

(26) 



2 

which results because in l.h.s. of Eq. ((26)) the term — |epep • G — e!p*ep • G| is a square of vector product of vectors 

G'^ and e^'^^f^e^e'^* (better recognizable in terms of spatial components of the vectors in the initial electron rest 

frame: \G x [cp x e^*]] = ep(ep • G) — e'*{ep ■ G)), whereas the term l^sp is a square of the scalar product of the 

same vectors. In total, that is common known to equal to a product of the vector squares (one of which is G^ and the 

2 



other one |ep x e: 



I Bp • Ep I ) . The overall factor G^ can be evaluated from pO|l : 

,2 



G' 



q ■ q 



p-p 



m 



2p ■ qp ■ q' 2p ■ qp ■ q' 
Substituting ()25ll27p to (f24|) . we one attains the result: 

1 



p-q-p-q 

2p- qp- q' 



Compt I 



cl.spiii p ■ qp ■ q' 



(p-q-p-q) +\ep 



{p-q + p- q'f 



(27) 



(28) 



Note that Lorentz-invariant equation ([28]) is valid for 
all types of photon polarization (including elliptic ones) , 
but the common practice for the elliptically polarized 
case so far was to separate photon polarization com- 
ponents par allel and orthogonal to the scattering 3- 
subspace [20|. As we see, an invariant formula also exists, 
offering at the same time a more concise notation. 

Since our ultimate goal in this paper is the application 
to bremsstrahlung, henceforth we specialize Eq. to 
the case of linearly polarized initial photons. If so, the fi- 
nal photon polarization is obliged to be linear, too. With 



e;) ,Eq. 



becomes 



Compt I 



cl.spin 



e^e 



nip-q-p- q'f 



p-qp-q' 



+ 4(ep • e'j,f 



In a case of truly real photons, when —e'i = 



(29) 
= 1, 



this is recognized to be just the Klein-Nishina's formula 
for linearly polarized initial and final photons p^. IT^. l2l| . 
with the proviso that for pseudo-photons, unlike for real 



ones, polarization vector moduli may significantly dif- 
fer from 1 (see Eq. (HS)) below). Of course, for applica- 
tion to the bremsstrahlung one might issue directly from 
Eq. (|29p. which with a simple argument can be inferred 
from the Klein-Nishina formula for linearly polarized real 
photons. However, the above derivation is instructive, 
and demonstrating the possibilities of the equivalent pho- 
ton approach. 

To apply Eq. to bremsstrahlung in the labora- 
tory frame, where the initial electron is relativistic, and 
e and e' in physically motivated gauges are far from be- 
ing orthogonal to p (see the next section), it suffices to 
substitute for Cp, their representations 



ep = e - q- 



e - p 



p ■ q 

Gp = ^ ^1 7' 

^ p-q 



(30a) 
(30b) 



where e, e' may from now on be polarization vectors of 
arbitrary gauge. 
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IV. SPECIFICATION FOR 
BREMSSTRAHLUNG IN THE LAB FRAME 

Our main objective in this paper is to investigate 
bremsstrahlung in the lab frame. Transition from 
to the lab involves standard kinematical relations. To 
set the notations, we briefly recollect those relations, and 
extend them to the polarization vectors. 



A. Ultra-relativistic and dipole approximations 

The laboratory frame is defined as one in which initial 
pseudo-photons carry zero energy, whereas their 4- vector 
of polarization, obeying the Lorentz gauge condition e • 
q ~ 0, aligns with the time direction (independently of 



(1,0), 



q = {0,-q). 



(31) 



(32) 



Such a definition of q components, with the minus sign, 
is conventional in the bremsstrahlung theory, meant to 
make the longitudinal component of momentum transfer 
q positive. In fact, that longitudinal component is not 
independent - it is determined by q' and the momentum 
conservation law (see Eqs. (|4T|) below). Components of 
the other 4-vectors are designated as 



e' = (0,e'), |e'| = 1, e' • fc = 0, 



(w,fc), \k\=uj<E, 



(33) 



d'^{E',p'), E' = y/p'^ + =E 



p-p 



fc. 



As Eq. indicates, the typical values of momentum 
variables must be those at which denominators p ■ q, p ■ 
q' , engaged in Cp, e'p, are of the order of their minimal 
values. Let us express one of the denominators in terms 
of the angle between the entering electron's and photon's 
momenta: 

p ■ q — Elo — p - k= {E — \p\)ljJ + \p\ljJ {l — p ■ 

.-2^^ (34) 



where 



p k - p' 

IpI w Ip'I 



will signify the corresponding vector directions, and small 
transverse vector 



6 = k p 



(36) 



has the meaning of the radiation angle. For (f34|) to be of 
the order of its minimal value, the radiation angle must 
have magnitude 



(37) 



independently of any other variables. 

The second denominator, p' ■ q' ^ p ■ q, expresses simi- 
larly in terms of the angle between p' and fc: 



e' = k p' {\e'\^i~') 



(38) 



Under the conditions of the ultra-relativistic dipole ap- 
proximation, angles and ([55)1 are, in fact, closely 
related: 

E'0' = -fc-^p' 
uj \p'\ 

= — fc-(p-fc-q){l + 0(y-2)} 



= {Ee + q){i + o{i-^)) 



(39a) 
(39b) 



(the last relation employs ([57)1 ). 

Given (|39bp , it is convenient to introduce the universal 
rescaled radiation emission angle variable 



0''=^S0 = 7'0'{l + o(^)}, 



(40) 



and use the longitudinal momentum transfer component 



dcf p-q p' ■ q + rnxui® ■ qi_ 



qz = 



E 

mxuj 



E' 



^{-°(!r-'i}. 



where 



OJ 

E 



(41a) 
(41b) 



(42) 



stands for the photon energy fraction, and the direction 
of z axis may be chosen parallel to p, or fc, or any other 
direction within the forward radiation cone of angle width 
^7^^, provided 



» — . 

m 



(43) 



Naively, it might seem that the above condition only con- 
cerns the z axis choice freedom, while the true condition 

2 

of the equivalent photon approximation is 3> 



7 



However, with the account of electron spin, condition 
P5)) proves to be physically significant (see below). Be- 
sides that, factorization condition Q with (|41ap implies 



7 ~ 7a' 



(44) 



separating from 1. Restrictions and (UH) are not 
stringent for a;ij if 7 > 10^, and virtually leave for its 
variation the whole interval from to 1. 

Before we turn to polarizations, we may express the 
kinematic invariant ratio entering to Eq. (j29p : 



(p-q-p-q' 



{1+0 (it,-,-)} 



p- qp- q' I- x^ 

(concerning the accuracy - see also Appendix [X)) . 

B. Polarization vector dot-product 

Next, it is desirable to express the components of p- 
gauge polarization vectors in the lab frame. At that, it 
is definitely beneficial to use the frame with the z-axis 
directed precisely along p, 



Oz II p, 



(46) 



as long as the gauge had been fixed relative to it. Then, 
the longitudinal components of Cp and are almost light- 
like with the accuracy the same as for p, i. e., 0(7"^), 
and at least for e^, they may be neglected because large 
transverse components dominate: 

e-p ( e-p 

Cp = e - g = l,q 

p-q \ p-q 

= (1,1 {1 + (7-')}, ^{1 + (7-')}). (47) 
The square of (gT]) 



4 = 4{l + (^(7-^)}»l 



(48) 



(to which (cp • e'p) will actually be proportional as well) 
thus emerges as an overall factor in the cross-section. In 
the equivalent photon approach, this factor in product 
with |^s£at(Q±)|^ are interpreted as the equivalent photon 
inflow [41| . 

As for the final photon polarization 



e -q 



-p 

p ■ q 



the involved factor 



e' -p ^ Ee' -9 

" E'q, 



P-q 



(49) 



is of the order of m ^. Hence, e'p has finite transverse 
and large light-like longitudinal components, which yield 



comparable contributions to e'p. Actually, since the out- 
going photon is truly real, we know without calculation 
in components that 



„'2 _ 



12 1 

-e = 1. 



(50) 



Yet, for the sake of contraction with ep, exposing com- 
ponents of e'p is expedient: 



e • p 

P-q' 



c.,-l^c.{l + 0(7-^)} 



P-q 



p-q' 



tod 
(51 



Scalar product of Eq. with Eq. (gTl) results in [4; 



(52) 

This may be viewed as a product of transverse compo- 
nents alone, since longitudinal component contributions 
in the chosen frame (|46p cancel with sufficient accuracy. 

To explicate that both terms in brackets in Eq. (f52|) 
are of the same order, substitute qz from Eq. (|41ap and 
pass from angle to as given by (|40)) : 



e — 



1 + 62 



0(0 e') 



(53) 



Interpretation from the initial electron rest 
frame 



Let us now analyze the kinematical origin of Eq. ([52 
If in addition to using the gauge _L p we actually pass 
to the initial electron rest frame, the kinematics in this 
frame is as follows. Vector q becomes nearly light-like, 
with the longitudinal momentum ~ —qzj, directed oppo- 



site to z axis, and of the absolute value 



That 



results in photon emission with energy f2 ~ mx^ and the 
radiation angle relative to z-axis ~ 1; z-component of 
the photon's momentum K in the initial electron's rest 
frame will be denoted as = 51 cos 4' (the transverse 
component K± = k±) - see Fig. [2l 

We are interested in the scalar product of purely spatial 
vectors Bp, e'p in the given reference frame. In this frame, 
we can write 



,^{1 + 0(7-)} 

Hz 



v= [0,0 {r 



s;=(0,e;) |e;| = l e'p-K = 0, 



q. 



(54) 



Now, relating vector e'^ to the polarization vector e' of 
the same photon but in a different reference frame and 
different gauge is rather simple. Their components trans- 
verse to the plane {K, Oz) are equal (because they are 
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not altered neither by the boost along Oz, nor gauge 
transformation - translation along 4- vector q) . As for the 
components of e'p and e' belonging to the plane {K, Oz), 
owing to conditions |e^| = |e'| — 1, they must have the 
same norm and thus be related by a pure rotation. Since 
e' is nearly orthogonal to Oz, whereas is orthogonal to 
K, the angle of this rotation is just the angle ^ between 
Oz and K: 

e'p = R*(©)e' (55) 

(R*(©) is a product of an operator of gauge transforma- 
tion and of a boost operator). So, one can view ([54|) 
as 



where 



^e , 



G(0) = P±R*(©)Pi, 



(56) 



(57) 



being an operator of projection onto the plane _L Oz. 
Note that application of P_l to makes the tensor sym- 
metric. 

To finalize the correspondence with Eq. ()53|) . one needs 
to construct an explicit representation for R*(©) in terms 
of the kinematical vectors, particularly of vector re- 
lated with K by [Hi 



„ k± k± 



(58) 



The construction proceeds by noting an obvious identity 
P±R*(©)P± = P±-(l-cos^')Pfc^, (59) 

where P^^ is a projector onto direction k±. Taking into 
account the representation 



1 - cos vl* = 
one may write 

(l-COS*)Pfc^ 



sin^ vj/ 



kl 



1 + cos * n{fl + K^ 



(60) 



fe, 



(l-|-COS^')0«)0. 



Finally, from ([55]) one expresses 1 -I- cos through 
1 - cos * _ ^ 2 



(61) 



1 + cos * 



(62) 



1 + cos*' ■ ~" 1-1-62 

Thus, Eqs. (HH EH indeed are equivalent to Eq. ^ 
Tensor representation for G is 

2 



G,™(0) 



(63) 



1 92 

From Eq. (|59p . in particular, it is evident that for 4* = 
tt/2, corresponding to |0| = 1, operator G = P^ — P^^ 
acts as a projector on the direction orthogonal to the 
radiation plane, i.e., to vector (that can be observed 
from representation as well) 0]. Speaking more 

physically, at it _L Oz the component of the polarization 
vector belonging to the emission plane must point along 
Oz, but thereat its projection on the transverse plane 
containing q±^ vanishes. 




FIG. 2: Correspondence between the photon emission angles 
and polarizations: in the initial electron rest frame (^, e'p) 
and in the high-energy transverse plane (0, e'). For other no- 
tations see text. Vectors shown in bold have also components 
transverse to the plane of the figure. The dashed line indi- 
cates the stereographic projection implied by the proportion 

(EH). 



D. Differential probability of bremsstrahlung 



Inserting all the ingredients (|45ll52p and (|41ap into 
Eq. (|29p . and this latter to Eq. ([9]), one arrives at the 
final expression for the bremsstrahlung differential prob- 
ability: 



q2 4Tict 

m4 (iTe^f 



4(1 -x^) 



(G qm±e'i)' 



{l + <.(5i..-)},(64, 



where 



q± 



We remind that the first term (unity) in braces of 
Eq. ((64| has originated from the first (polarization- 
uncorrelated) term of the generalized Klein-Nishina 
equation ([^ . 

The unpolarized probability corresponding to Eq. (|64p 
is obtained by summing it over the independent direc- 
tions of e': 



'™ J 1 + ^il^ (Dg,)^ W65) 



m'^ (1-^92)^ 



(the accuracy will not be written explicitly anymore) 
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Two representations for (Gqj_)^ are of utility: 

4 



x,,,=0 



(1 + 92) 



_ (0 . q^y (66a) 



(e + g^)^(Q-gj 
(1 + 62)2 



(66b) 



Eq. (|66ap shows that (Gq_L)2 can reach 1, whereas (j66b[) 
proves that it may also fall to zero: 

< (Gqi)2 < 1. 

One may notice that in the limit Xui ^ intensity ((64|) 
reduces to that of classical particle dipole radiation in an 
undulator [l3|. In fact, vector ai of 10] is similar to our 
vector Gq±. Although the undulator motion is of perma- 
nently accelerated type, not scattering, the description in 
those cases is largely similar, because Fourier transform 
expands small-angle deflections at scattering in periodic 
modes, anyway. 

On the other hand, notations (|64ll65p are not in a trans- 



parent relation with those commonly used for non-dipole 
bremsstrahlung. In Appendix[X]we provide the necessary 
details of the correspondence, along with a discussion of 
the accuracy of the dipole approximation. Notation 
has the merit of not involving large cancelations, and 
manifestly exposing the polarization direction - being set 
by the vector Gq±. 



V. LIST OF PROPERTIES OF THE RADIATION 
FULLY DIFFERENTIAL PROBABILITY 

The fully differential radiation probability in all vari- 
ables q±, 0, e', Xuj is rarely subject to observation - 
usually measurements are more inclusive, corresponding 
to integration over all variables but one or two. Nonethe- 
less, in order to completely understand behavior of the 
integrated probability, it is pre-requisite to appreciate the 
features of the integrand. Below we will collect all the 
functional properties of kernel (|64p . which wc will need 
to refer to in the following study. 



Dependence of differential probability on the 
variables 



Incomplete factorization of q± dependence. 

Inspection of Eqs. ([511 155)) shows that besides the 
overall proportionality to q^, both dWdip/dTq/ 
and dWunpoi/dTq' , are still dependent on q±, 
and thus on q±^ in general - in spite of the 
condition q^ ^ m^. Effects of residual azimuthal 
correlations in equivalent photon-induced reac- 
tions are, in pri ncip le, known, at least, for some 
other problems [2g. Actually, it should not be 
understood as genuine factorization failure, since 
its physical conditions hold well, but rather as a 



0y 



-1 








FIG. 3: Logarithm of unpolarized radiation intensity (I65p . at 
— + 0, as a function of (the radiation angle vector in units 
of 7~^). The direction of q± is chosen to be along y-axis. A 
pair of dips (black spots) is manifest. With the increase of x^j 
they get filled in. 



modification due to the polarization carried by the 
equivalent photon flow [45]. It is also true that 
the present effect disappears when dWdip/dTqr is 
integrated over the azimuthal directions of and 
summed over e' (as is usually done in application 
to inclusive peripheral particle production (27j . or 
to energy losses of fast charged particles in matter, 
being the ori gina l concern of Fermi, Weizsacker, 
and WiUiams ini])- 

Rutherford-like asymptotics in radiation angle. 

At large 8 intensity ([M)) falls off as O^"*, i. e. 
follows essentially the same law as the Rutherford 
scattering cross-section. This is a general conse- 
quence of proportionality of the amplitude to one 
hard propagator - in the present case of electron, 
not of a photon. In fact, in Sec. IVII CI we shall 
yet encounter a kind of 'transient asymptotics' at 
moderate Q (if is sufficiently small). 

A pair of intensity dips at given q±. As is indi- 
cated by Eq. (j66b[) , there exists a pair of values, 
specifically 



±qA 



(67) 



at which (G<7^)2 turns to zero. Those directions 
correspond to minima in the radiation intensity at 
a given q± (see Fig. In the initial electron 
rest frame they correspond to directions along q± 
{Kz = in Eq. i. e., along the momentum 

transfer, and it is quite natural that semi-classical 
dipole radiation under those directions is zero. 
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0. 



FIG. 4: Photon polarization alignment in the plane. The 
curves tangential to polarization are mathematical circles. 
The direction of is along j/-axis. The polarization degree 
is a function of x^i- 



Polarization alignment along circles at given q±. 

It is easy to show by straightforward solution of 
the ordinary differential equation 



d&y _ Gym (Qxi'^y) Q±n 
dQx Gxm {'S>x,(^y) q±n 



(68) 



that curves tangential to the vector field of polar- 
ization directions Gq±, are a family of circles 

0^ + const[q X 0]^ = 1 

passing through two knot points (|67p (see Fig. [5]). 
Along with Gq± « =F , in those points to 

zero drops the polarization. 

The origin of the circular distribution is explain- 
able, again, from the viewpoint of the initial elec- 
tron rest frame. There, polarization of the dipole 
radiation distributes on the sphere of photon emis- 
sion directions along meridional circles, with the 
poles at ±<7j_. The relativistic boost of this radia- 
tion, and description by variables (see Eq. ([55]) ) 
is equivalent to a stereographic projection of this 
sphere from an equatorial point at the rear end 
of z-axis onto the plane tangent to the sphere in 
the front point of z-axis (see Fig. [5]). As is known 
[1^, at a stereographic projection any circle on the 
sphere is mapped into a circle on the plane. 

In what follows, of value for us mainly will be the 
circle centered at the origin. That such a circle 
must exist is obvious already from the azimuthal 
symmetry of the stereographic projection for the 
given tangential curve on the sphere, with respect 
to the z-axis. 

Semi-classical limit. Another instructive point of view 
on the structure GimQm±e-i emerges in the soft- 
photon limit a; — > [40|, in the lab (target rest) 
frame, in the purely spatial photon gauge. The 



differential probability of radiation then assumes 
semi-classical form [l^ [25| 



dT^, 



Ana I Jsomi-ci • e 



(69) 



with the radiation amplitude 



/scmi-ci • e' = ( - ) • e' (70a) 



p' ■ q' p ■ q' 



1 / v' 



1^ \1 — k ■ v' 1 — k ■ V 
1 / X 
^\l^k-{v + x) 

( I 1 



e' (70b) 



1 — k ■ [v + x) \ — k -v 



\v\-e', (70c) 



X = v' — V being the scattering angle, k — k/uj. 

The dipole approximation consists in expanding 
this expression to first order in In the first term 
one neglects x dependence in the denominator, and 
lets 1 — k-vr^ ^ . That will correspond to the 
Kronecker-delta term in tensor Gim (163p . and may 



be regarded as a direct response of the transverse 
acceleration current. In the remainder of Eq. (|70c|) 
the parentheses 



1 



1 



k ■ X 



1 — k ■ (v + x) 1 — k ■ V (1 — fc - d)2 

46 x 



(7-2 + 6>2 



(71) 



are large, however, they are multiplied by the cor- 
respondingly small quantity 



ve' ^ -e' ■ 9. 



(72) 



The product of ((7T|) and (jTS]) is the counterpart of 
the second term in G,i,„ in Eq. One may say 

that the angle-dependent rotation of the polariza- 
tion occurs due to a longitudinal current caused by 
the variation of the characteristic denominator, or 
the Lorentz-contracted distance from the source to 
the observer, i. e., the source brightness. 

Finally, note that quantum corrections in the 
angular-spectral distribution ((64| consist of a sub- 
stitution — > (emerging from a rule for fre- 
quency change due to the radiation recoil lo ^ uj-^ 
in the amplitude Q , and of a factor E'~^ in the final 
electron phase volume for the probability), and of 
an additive ^^-independent term representing the 
spin contribution to radiation. 

Monotonia damping of polarization with x^^. 

Generally, from ([51)) it is seen that with the 
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FIG. 5: Upper bound for the bremsstrahlung polarization vs. 
the photon energy fraction. 



increase of Xui the polarization is damped. It may 
yet be premature to speak of the polarization 
degree before integration over q± is accomplished, 
but one may at least derive an upper hound for the 
polarization degree as a function of . Letting in 
Eq. dill) IGqxl IGqxIinax = 1, we get 



1 



2(1- 



2(1 -x^) 

1 + (1 - x^Y 



(73) 



(shown in Fig. O. As we shall find out in Sec. IVIl 
this bound can actually be achieved, hence, it has 
to be regarded as exact. Note that at the hard end 
of the polarization spectrum [x^ — 1) polarization 
is forced to vanish, but at < ^ it is in excess 
of 90% (of course, expectations must be somewhat 
lowered with the account of non-dipole effects). 



VI. INTEGRATION OVER ATOMIC RECOIL 

Let us now proceed to the description of radiation on a 
solid target. Then, momentum q±^ imparted to the target 
is beyond detection and has to be integrated over, with 



the weight (27r)" 



I /Idiffr 



(gx)| 



averaging is due over the atomic configurations 



and appropriate 



da, 



rad 



dVqi 



2 da'^^l dPFdip 

" -r^ — 

9' 



d2gj^ dV. 



(74) 



For a macroscopic target, differential cross-section ([74)) 
must be proportional to the target area if the beam is 
still wider than the target, or to the area of the beam 
transverse section, if it is narrower than the target (as is 
a usual practice) and is transversely uniform (otherwise, 
we can consider any beam part uniform relative to tar- 
get inhomogeneities). Dividing (|74p by the interaction 
area S, one obtains a quantity independent of S (but 
proportional to the target matter density and thickness) 
and having the meaning of differential probability for the 
given radiative process to occur per one particle passed 
through the target. 



With ^^^^ given by Eq. ([64)) . in (|74)) one encounters 
two basic integrals: 



da: 



diffr„2 



(ql) , (75a) 
{2q 

_Lm 

(75b) 



having the meaning of average momentum squares. For 
our analysis to reach beyond the conventional case of 
isotropic target, it is prerequisite that average (|75bp dif- 
fers from zero. In particular, that allows one to antici- 
pate non-zero polarization of the bremsstrahlung beam 
as a whole. Physically, this average is related to the az- 
imuthal anisotropy ( "ellipticity" ) in scattering, even if 
being not a true measure of the latter due to the radia- 
tive character of the averaging (see subsection I VI Bp . 



Vector anisotropy parameter and the 
anisotropy degree 



Instead of (|75bp . it is convenient to deal with the ra- 
tio of (|75b|l to (|75ap . which can serve as a direct mea- 
sure of the scattering asymmetry. This ratio, which is 
a symmetric traceless tensor in 2 transverse dimensions, 
can be characterized by the direction of one of its two 
eigenvectors and the corresponding eigenvalue (another 
eigenvector will be orthogonal to the first one and corre- 
spond to the eigenvalue opposite in sign). Let N stand 
for the eigenvector corresponding to the positive eigen- 
value, then we express 



i) d 



(ql) 

If tensor (q±„iq±n) 

{ql) > (ql), then 



(76) 



diagonalizes in axes x, y, and, say. 



i^l) ill) 
ill) 



{ql) 



(and N \\ Oy). That implies a constraint 
AT^ < 1. 



(77) 



(78) 



Covariantly, one can verify (j78p by squaring both sides 
of ([TG]) and taking double trace. 

Now, the average differential probability of radiation 
can be phrased in terms of the introduced vector TV: 



/ rfW^dip 

\ dv,, 

, 2(1- 



1 



47ra(gi) 



■[{G„ae\f{l-N'') + 2{G„aNme,f] \. (79) 



AtN"^ = 1, Eq. ([71]) essentially coincides with Eq. (IM)) . 
Decomposing also the leftmost unity in braces of Eq. (175)) 
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as 1 = {1—N'^)+N'^ , we get a representation in form of an 
incoherent mixture of bremsstrahlung on isotropic target 
with that on an anisotropic one, in proportion (1 — A^^) : 
iV^ determiined by the target anisotropy degree. But 
for polarization characteristics that superposition is non- 
trivial, inasmuch as the polarization direction and degree 
does not express as any simple superposition. 



B. Dipole approximation beyond the scattering 
factorization 



The principal concern at application of bremsstrahlung 
theory to particle passage through matter is the vulner- 
ability of the scattering factorization condition ([3|) due 
to significant target thickness. Fortunately, a way for 
generalization beyond the factorization is known, which 
preserves the Dirac matrix structure of the radiation ma- 
trix element, only trading the transferred momentum q± 
times Ascat for some overlap of initial and final electron 
wave functions, now involving integration over longitudi- 
nal coordinates [13]. To make the text self-contained, we 
briefly remind the idea behind that generalization. 

In the first place, it is convenient to put the factorized 
matrix element to a form explicitly linear in q±: 



muj 1 



EE' m(l + 92) ' 



EE 



(81a) 
(81b) 



Whichever the further method of evaluating the spin- 
averaged probability, the corresponding differential prob- 
ability is some bilinear form in both e' and q^, and the 
answer is already known - it is of the Compton-likc form 

To go beyond the factorization assumption, we have to 
start with the overlap representation of the matrix ele- 
ment in terms of initial and final electron wave functions 
in the static field of the target: 



T = VA^ie J dVe-*'=-'^V'(r-)e'* • iHr)- (82) 

In the ultra-relativistic limit, the spin structure of ele- 
cron wave functions can be explicitly exhibited as (Furry- 
Sommerfeld-Maue representation in an arbitrary field 

M) 

^(r) « e'^P- (^1 + • 77°) v{r)u, (83a) 



Mrad = u'\ ( - I e- • 7 

^ e'* ■ -fq ■ 77° _^ 7°g ■ -fe'* ■ 7 



2p' ■ q' 



2p-q' 



dip 1 , f muj 1 „ 
« —u'l — — 0, 



— as 

Iz [EE 



y — q^ we -7 



e'* • jq± ■ 77° 7°'7± ■ 7e'* • 7 



2E 



2E' 



u, (80) 



where one has to mind our definition (|32p and note the 
relations 



i^'ir) « u'e-^P'-^ (^1 + ^7"Vi • 7) ^'*{r), (83b) 
where, from squared Dirac equations, (p^s obey 
p ■ V^(r) - V{rMr) - ^ [A - V\r)] ^{r), (84a) 



-p'.\7p'{r)-V{r)p'{r)= — [A-V\r)]^'ir). (84b) 



Substituting Eqs. (j83[) to (j82p . the spin corrections to wave functions give significant relative contributions, because 
the term without them appears to be energy-suppressed: 

Tu.-r. - Vl^ieu' J d\e"i-^^'*{r) |e'* • 7 + ^e'* • 7VX • 77" + ^/V^ • 7e'* • 7| ^{r)u{l + O (7-^) } . (85) 

In spite that qz q±, one can not neglect Qz component in the exponent here, because at the scale Lcorr of contributing 
longitudinal distances qzLcott ~ 1- 

It is straightforward to bring ([55)1 into correspondence with (|80p (cf. [1, [lH|)- To this end, one needs transform the 
first term in braces in ([55)1 via 



cPre"i-''ip'*{r)>p{r) « — j e^^'"' [p' ■ \I) {^'* {r)ip{r)} 



— / e^«"- [(p' • V^'*)(^ + ip'*p • V(^] + - / e"J-'-ip'*ir) [p' - p) ■ V^(r) 



(86) 



With the use of wave equations it is found that there is a cancelation in the first integral in making it 
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O ^^-7^5— j relative to the last integral: 



£re'i-^cp'*{r)ip{r) = — / e'''"'(^'* (r) {p' - p) ■ W^{r) \l + o( ^ 

Qz J I \ 



2 ^y2 



(87) 



Thus, the entire overlap ([85)1 can be cast in terms of the dipole overlap 
specifically, 



This is observed to have the very same Dirac matrix structure as (I80p . only with 3±_ entering in place of q^. 

As we see, the recipe for the generalization beyond the scattering factorization is to make in the factorized matrix 
element 



Tfact = V47re4^f^-(gj-)^rad 



with Afiad given by (I80p . a substitution 



Here, factor e"^'=^ represents the effects of longitudinal coherence sensitivity. Correspondence with the scattering 
factorization is achieved when this exponential can be put to unity (after a preliminary integration over z by parts, 
to make the integrand vanish at infinity): 



J d^rj.e^'J^"'^ J dze"i'^-^[ip'*ir) (-iVi)^(r)] 



(91) 



By the Huygens principle (see, e. g., [30|), the latter integrand equals to the scattering amplitude, if it is normalized 
as in Eq. So, 



J-L q±A^^^f.(qj_), 



(92) 



thereby justifying consistency of the substitution rule ([5(1)1 . 



r 



To get the spin-averaged probability corresponding to 
the generalized matrix element (|89p , one needs no special 
calculation. Obviously, it is a bilinear form in 3±_ , which 
can be retrieved from the factorized bilinear form by re- 
placement daf^flq±,nq ±71 ^^'3±m'3±n- Thereat, the 
basic averages for our quadratic form from (|75a[ I75bp 
promote to 



da? 



diffr„2 \ 9^icorr~l 1 



s 



^PJ^), (93a) 



(2^)2 



d^q_ 



.1 1_ 
S 



(93b) 



The factor 1/5* in the right-hand sides may be explicitly 
canceled if ip (but not tp') is substituted by a normalized 
wave packet in transverse coordinates. 

For the modified averages (|93all93b)l we introduce same 
shorthands as ()75all75b)l but with the subscript "rad" : 



rad " 



S\J (27 

1 / r <Pq^, _ 2 \ 

\o ±ra^ ±ri ^ran^\] j 



(2t 



<2g 



rad 



For expression of the anisotropy parameter, equations 
(1751177)) remain valid, only with the substitution (g^) ~^ 
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^2N„,Nn-N'Smn, (94) 



(95) 



C. Estimates for azimuthal anisotropy at passage 
through an oriented crystal 

Among conceivable applications of the connection be- 
tween the target intrinsic anisotropy and radiation po- 
larization is the possibility of preparation of a polarized 
photon beam. Practicality demands the beam polariza- 
tion to be at least a few tens percent, and thence about 
as high must be TV^. It is not, however, obvious, whether 
sizeable iV^ can be attained with macroscopic targets. 
The main obstacle is the hard isotropic contribution in 
scattering. Treating interaction with individual atom as 
perturbative, in (|74p in the integral over q±, or, in equiv- 
alent integral over impact parameters, the contribution 
from the atomic distance scale ~ ra is comparable to 
that from the distances from the nucleus of the order 
^ m^^, where the impact area is smaller but the acting 
force, and the generated radiation, is stronger. That fa- 
miliarly leads to a logarithmic divergence of the integral 
over (fqi_ from = dW^ad, with dW^ad oc ql 

and ~ qj^ (Rutherford tail). Introducing 

appropriate cutoffs, the upper one due to the dipole ap- 
proximation failure at q± ~ m, and the lower one due 
to the atomic form-factor regulation, one gets with the 
logarithmic accuracy 



1 
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q±„ 



dq^ 1 
~ TT in w tt In — . 

(96) 

Since in vicinities of the nuclei the scattering is isotropic, 
the anisotropy parameter N"^ gets suppressed at least by 
the factor of In — « 5. 

a 

A remedy to the encountered suppression could be 
sought in using oriented crystals. Once one aligns some 
strong crystallographic axis at a small angle Xo 1 rel- 
ative to the electron incidence direction (see Fig. [6]), the 
isotropy shall only persist up to the distance of transverse 
separation of atomic nuclei in the string, Arj^ ^ rfaXoi 
where da > 2ra is the distance between atomic nuclei 
in the row, while from scale Ar_L up to r^, the scat- 
tering should become anisotropic (stronger in the direc- 
tion transverse to the beam-string plane). At a scale 
greater than xoc'a, the cross-section will no longer be a 
sum of logarithmic cross-sections of scattering on indi- 
vidual atoms, but, rather, the motion will be governed 
by the aggregate potential of the atoms. The number of 
atoms overlapping at a given impact parameter is ~ , 
and this is the factor the cross-section must increase by. 




FIG. 6: Electron small-angle passage through an atomic row. 
Momentum transfers in y direction (transverse to the picture) 
are enhanced compared to those in a;-direction. 



whilst Coulombic logarithms do not develop anymore in 
this region. 

To verify the above assumption, and also get an idea 
of the longitudinal coherence sensitivity, consider first a 
problem of electron radiation at scattering on a single 
atomic row under a small angle of incidence. In capac- 
ity of initial and final state wave functions in the atomic 
row potential V{r)^ take for simplicity the eikonal ap- 
proximation (corresponding to the neglect in of the 
right-hand sides, as well as neglect of the angle between 
p and p'): 



(97a) 
(97b) 



J —00 

(98) 

Here Xai^^) is commonly called the eikonal phase. Sub- 
stituting ((97|) into (|88|) , one obtains i22i] 

Jj_ = -iq, f d^re"i-''+'^°^''^^Vi_ f dz'V{z',ri_) 

J J —00 

= I d^rj_e"i^-''^+'^<'^''^^Wi_ I dze"^''V{z,r±) (99) 

<y —00 

(the second equality is the result of z-integration by 
parts). The integrals of \3x{q±)\'^, \3y{q±)\^ needed for 
iV^, evaluate in a particularly simple way: 













J —00 



d^q±q. 



d^re"i-^V{r) 



. (100) 



I. e., the eikonal phase actually does not contribute to the 
given integral, and the result is equivalent to the Born 
approximation. 

To proceed, we have to specify the potential of the 
atomic row. Let us, for simplicity, model it by a su- 
perposition of individual screened Coulombic potentials. 
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For incidence on a row of N identical atoms with nucleus 
charge Z, in the xz plane at an angle Xo 1 to z-axis, 



JV_1 y^ + (3:-X0dan)^ + (z-da,i)^ 

e 



(101) 

Fourier transform thereof results as 



91 + „=o 



^^Za g»(5,+xofc)d.(iV-i)/2fin 2 



(gz+xogx)rfa 



sm 



where in the denominator terms had been neglected 
compared to . When squaring (jlOip . the sine ratio 
factor in a familiar way may be approximated by an 
equidistant sequence of (5- functions: 



2 (g»+XO?x)dajV 

I 2 

2 (<;^+xo';x)rfa jv3> 



] = -co 



2ttN g /^^ 27ri , 



xo4 



j = -oo 



Xo4 Xo/ ' 



i. e., g^j-integration reduces to summation over 1- 
dimensional inverse lattice vectors. As for qj^-integration, 
it involves 2 basic integrals: 



f 

J — ( 



dqy 



{ql + ql + r^^f 2 (gi 



^ + f a 



2\3/2 



for J d^g_L and 



(9^ + g2+ra2) 2^g2+^-2 



(102a) 



(102b) 



for J cPq± \3y\^. In the final result, it is convenient to 
treat in the sum the term n = separately. It has sense 
of continuous potential contribution, constant along the 
string. In the higher terms one may neglect r"^ relative 
to -^5-- Thereby one obtains 

Xoda 



ttN {AnZa) 



2 , d^q^ iJyl^ 



Jmax , 

El. 



1 



72„. n |2 



Trq 



-2 ^ J 

(103a) 

2 J" 



.7=1 



(103b) 

The summation upper limit is determined by the same 
principle as that of integration in (|96|) - it is set at qx ~ 
m, so 

Jmax — Jmax(,XO/ ^ 2^ 



nax(Xo) . 

E - 



{l,lne'^^j,„ax(xo)} =^^o(xo) 



For scattering on a definite single string at zero tem- 
perature, we do not need any statistical ensemble aver- 
aging, and substitution of (I103a[ I103bp to ([77| yields the 
desired equation 



1 



1 



Xo 



3/2 



(104) 



io(xo) 



Let us now analyze the explicit formula p04p to as- 
sess the effects of scattering in vicinities of the nuclei 

and of the longitudinal coherence sensitivity. In the de- 

2 2 

nominator, terms reflect the effect of coherence sen- 
sitivity on the anisotropy of radiation distribution. Ap- 
parently, increase of qz through to always suppresses the 
anisotropy. The last term, containing Lq, accounts for 
effects of the string discreteness, which are also suppress- 
ing the anisotropy. But due to the factor ^^^r^, those 
weaken as xo decreases, and even at angles as large as 

Xo ~ 0.2rad - 10° (105) 

one has N'^ ~ 0.5. In fact, at angles (|105p and qz ~ 771/7 
the longitudinal coherence effect on the anisotropy, quan- 
tified by the ratio ^ilst ^ _t — will be small, provided 

7 > 10^, which we had presumed for the dipole approx- 
imation self-consistency HI)) . Then, N'^ can be re- 
garded as independent of qz , and therethrough of photon 
variables lu, 9. 



D. Multiple scattering on atomic strings 

To be realistic, at particle passage through a real ori- 
ented crystal, interaction with one string is not the whole 
story but only an elementary act. Multiple interactions 
can affect the distribution function in scattering angles, 
and yet, in case of periodical hitting the strings, modify 
the radiation spectrum through the form-factor of the 
periodic structure. 

Crucial for successive scattering on atomic rows is that 
under a nearly continuous string potential, the modulus 
of the angle between the row and the particle motion 
is approximately conserved (transverse energy conserva- 
tion). Hence, in multiple scattering on mutually parallel 
strings the particle momentum will diffuse over a cone 
with the axis along the string direction ( "doughnut" scat- 
tering [Slj), and for a sufficiently thick target the scat- 
tering must isotropize. To keep the scattering anisotropy 
significant, one should not permit the passage to such 
late a stage. The allowable target thickness L is esti- 
mated assuming that at this distance the particle passes 
through strings, scattering on each one through a 
small angle 



Xi 



E Xo 



2Vo 
Exo' 
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whence the change of the azimuth ^ needs be ^ 1, too. 
Then, the mean square of the scattering azimuthal an- 
gle on a sequence of (statistically independent) strings, 

2 

L^^, is required to be less than unity. So, the condi- 
tion for the target thickness ensues as 



L < Lu 



Xo 

xi 



m 



3 2 / ^ 

(106) 

where -4^ is of order 1-2 cm. Since we assume 7 > 10'^ 
for the dipole approximation to keep valid, with xo of 
the order of pOSp , the effect of doughnut isotropization 
is weak. 

On the other hand, if strings are encountered along 
the particle path periodically ('string of strings' radia- 
tion similar to coherent bremsstrahlung [32]), then 
even at ^ 1 one can still have ^^i^ ^ 1 with ds the 
distance between the strings. Then, coherence effects in 
radiation may develop on a larger spatial scale. If the pe- 
riod of string sequence is equal to the coherence length 
at some w, 9, then the spectrum contains a reso- 
nance radiation peak at this frequency. Within the peak, 
the value of Qz, and therewith of qj^, may be regarded 
as certain (the 'point effect' in coherent bremsstrahlung 
[S^l). Then, the asymmetry degree, again, would ap- 
proach unity, minus corrections on thermal atom oscilla- 
tions and lattice defects, etc. 

It is not our aim in this paper to advocate any specific 
model for iV^. In what follows, we are going to treat 
N as some arbitrary but fixed parameter. Therewith, 
we will investigate influence of N on angular anisotropy 
of the radiation intensity and on polarization - both in 
angular distribution and in the aggregate photon beam. 
We start with the angular distribution. 



VII. ANGULAR DISTRIBUTION OF THE 
POLARIZED RADIATION 



Our goal in this section is to investigate the dependence 
of the differential intensity (|79p on the photon emission 
angles and the polarization. We start with ([75|) in which 
substitute (gl) ^ (^D^ad- 



the isotropic and the quadrupole parts, writing 

^""^^ (1 + 02)2 

1 + 6^ + 2 (e2<5y - 26,6^) e[e'j 
" (1 + 92)2 



and 



where 



(1 + 62)2 

As a result, we bring Eq. ([79|) to the form 



\ dr,, / 2 \ dV,, 

I 4^"(gi)..ad 2(1 -X^) 

m4 (1 + 92)2 xl 

with tensor Ty emerging as 
2(1 -7V2) 



{2T.,-TS,,)eW, (108) 



n, = - 



(1 + 62)2 



9.9, + G,„,N,r^GjnNn, (109) 



and its trace being 



T^Tu^ + iGi„.N„,f. (110) 

(1 + 6^) 



The unpolarized part of Eq. (jlOSp (surviving after sum- 
mation over the independent polarization states e'„) ex- 
plicitly reads 



^ dW^npol \^ _j^^dW^ 



ip 



dr„ 



rad 



l4(l + 62) 



2(1 - a;^) 1 + 6^ + 2 [iV262 - 2{N ■ 0)2] \ ^^^^^ 



(1 + 62)^ 



\ dVg' I m4(l + 62)' 
2(1 -a;^) 



A. Angular distribution of unpolarized intensity 



[(G„„e02(l - 7V2) + 2(G,„iV™eO'] M107) 



(Expression for cJEg' through variables will be given 
later - see Eq. (IT^V 

To isolate the unpolarized part and the polarization, 
one needs to split the dependence of Eq. ([75)) on e' into 



Inspection of Eq. (|llip reveals that the azimuthal 
anisotropy embodied by the quadrupole dependence on 
the angle between and AT, 

7V292 - 2(Ar . 0)2 = -7V2e2 cos2(/), 

is sizeable only when N"^ ^ 1, and only at angles 9 '--^ 1. 
At 9 <C 1, or 6 ^ 1, the unpolarized radiation dif- 
ferential intensity isotropizes and becomes independent 
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N2=1/2, x„=1/3 




FIG. 7: Logarithm of the unpolarized differential cross- 
section, as a function of (radiation angles in units 7~^), 
at N independent of ©, for = i, ar^j = i. 



of N'^, at all (however, the polarization will not be nei- 
ther isotropic, nor small there ~ see Eq. (|12ip below). 
For illustration purposes, and in order to keep the study 
model-independent, let TV be independent of {qz be 
small enough) . The distribution of unpolarized intensity 
(|llip in the plane, for constant N, at examplary val- 
ues — \ and = i, is illustrated in Fig. [T] As 
compared with Fig. [3l no dips are left at N"^ that small 
(and Xu} that large), but there still remains a noticeable 
azimuthal anisotropy, the radiation intensity being en- 
hanced in the direction orthogonal to N . That is ex- 
plained naturally: N determines the dominant direction 
of the charge acceleration caused by the field of the scat- 
terer (the much greater deflection due to the transverse 
recoil from the photon emission proves to be of no conse- 
quence there) , but dipole radiation intensity is known to 
be largest in directions orthogonal to that of the acceler- 
ation. In contrast, electron multiple scattering diffusion 
in the sample will be fastest in the direction parallel to 
N. 

If resolution of radiation angles is feasible in the experi- 
ment, measurement of the radiation azimuthal anisotropy 
(say, at O « 1) may offer a method for parameter N de- 
termination for a given target. Other methods are based 
on polarization measurements. We now proceed with the 
discussion of the polarization. 



probability, which, after momentum averaging in matter, 
turns to a generic kind of tensor in e' - see (|107|) . This 
may prompt one to deal with polarization asymmetries 
in some fixed coordinate frame, such as Stokes parame- 
ters. But actually, in 2 transverse dimensions expressing 
the polarization direction explicitly is not difficult at all, 
involving at the most quadratic equations. 

From Eq. (|108p . the polarization degree is extracted as 
an asymmetry 



P(0,a;^; AT) 



dof 



dT„, 



\ ''r. 



dWdip 



/dWdip 



4'^"('?i)rad 2(1-X.) A+[r,,] 



m4 (1 + 62)" xi 



2(l-x^) 



i+e^+2[jv^e^-2(Ar-e)^ 



-,(112) 



where A+[T!y] is the positive eigenvalue of tensor 
(2Ty —TSij). In terms of the latter, A+ may be ex- 
pressed as 



i2T,,~TS,,){2T,,~TS,,)^^: 



(113) 

In our case (|109p . tensor Tij is formed from two vectors: 
Tij = Qittj - hibj (114) 

with 



1 + 62 



(115) 



(116) 



(those vectors are not mutually orthogonal, in general). 
Substituting Eq. (fTTI)) to Eq. (fTT^ . one straightfor- 
wardly evaluates 



A^ 



= v/(a^ - ^2)2 4[a X b]2 
= \a-b\\a + b\ 



(117a) 
(117b) 



Eigenvectors of a tensor of the form pi4p can be ex- 
pressed covariantly in terms of the vectors a, b: 

t± II 2{a ■ b)a - {a? + b'^)b ± \+b (118a) 

II 2{a-b)b- {a? + b^)a^\+a, (118b) 



B. Angular distribution of polarization 

As long as linear polarization is a vector quantity, to 
handle it practically, it is best to know its absolute magni- 
tude (degree) and the direction. However, those variables 
are not in a linear relation to the calculated differential 



t+ _L t_ (118c) 

(the coefficients at a, b in (|118ami8b| are found by solv- 
ing a system of two linear equations). 

Substitution of pi^ [TTB)l into Eqs. (fTTTal [TT^ leads 
to representations 
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7V2 



4(7V • 0)2 + 2(1 - Ar2)e2 
(1 + 62)2 

2 [2(Af- 0)2 



8(l-iV2)[0 X Ar]2 



iV2 



(1 + 92) 
1] 62 



(1 + 62)^ 



- iV^ ± A, 



0. 



(119) 
(120) 



One may note that at 6 ^ 1/A^ the polarization pic- 
ture simphfies, tending to 



.(xj, t+\\N-'^^^^&. {Q»l/N) 

(121) 

So, the polarization distribution shape in this region is 
the same as in extremely anisotropic case \N\ = 1, or for 
non-averaged at definite qj_ (see Sec. El Fig. 2]) , 

except that the polarization degree is cx A''2 . 

The complete polarization picture, again for N inde- 
pendent of 0, is shown in Fig. [51 Apparently, it has 
richer structure than the unpolarized intensity in Fig. [71 
A novel feature at < 1 is that the knot points ([67l) 
split, admitting the "polarization flow" into the gaps. 
Polarization zero positions now can be found from set- 
ting P, or A+ as given by Eq. (|119p . equal to zero. That 
yields 



N 



®> = ±]^vi + vr^, 



0< 



±^\/i-Vi-iv+ 



(122) 
(123) 



The mean geometric value of distances to these points 
from the origin equals 1: 



1 



(124) 



(granted that on the sphere of radiation directions in the 
initial electron rest frame those points are located sym- 
metrically relative to plane z — 0, and upon the stere- 
ographic projection they become conjugate with respect 
to the unit circle), whereas the width of the gap 



6^ 



6^ = 



V2VI - iV2 
N 



(125) 



exhibits "threshold behavior" as A^ departs from 1 . How- 
ever, now the points of zero polarization do not cor- 
respond to any minima in the radiation intensity (cf. 
Fig. El). 

Measurement of the value of the angular separation 
(|125p between the polarization zeroes may serve as an- 
other calibration method for the parameter N. The 
virtue of this method is that it does not require abso- 
lute measurements of intensity, but only of the angles, 
and it is particularly sensitive when A2 is close to 1 (due 
to the square root dependence). 



n2=1/2, x^=1/3 




FIG. 8: Angular distribution of the polarization degree (den- 
sity plot) and orientation (black curves) at N independent of 
0, for A''^ — ^, — ^. For principal profiles of this distri- 
bution - see Figs. [9^, below, middle curves. The direction 
of N is vertical. At |0| — + co polarization degree tends to 
a constant value N^. The unpolarized intensity for the same 
parameters is displayed in Fig. [7] 



The analytic form of the polarization tangential curves 
in general case is complicated, and we do not aim deter- 
mining it here. At least, at 6 = 1 it is apparent that 
II 0, hence t+ + 0, i. e. [4§|, polarization direction 
is steered along the unit circle, anyway. 

To gain more quantitative understanding of the profile 
of polarization distribution, it is instructive to examine 
its two principal profiles: || TV and + TV. In those 
cases, a II b, or a + b, owing to which Eqs. pi9[ I120p 
substantially simplify, 
(i) If II iV, 



A4 



A.2 _ 262(1 



(1 + 62)2 



(126) 



t+ \\N 
t+ ±N 



if either |0| < e<, or |0| > 6>, (127a) 
in the interval 6< < |0| < 6> (127b) 
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FIG. 9: (a). Polarization degree at || AT for N independent 
of Lo, &, having magnitude N'^ = i, and for photon energy 
fractions — 0,^, and | (top to bottom). Orientation of 
the polarization depends on the interval - see Eqs. (|127|l . (b). 
Same as (a), except that profile ± iV is shown. Polarization 
orientation is || N. (c). Polarization of bremsstrahlung on an 
isotropic target for same values of =0. 



(Eq. p27ap is inferred from Eq. (|120p with the upper 
sign, Eq. I|127bp - from Eq. (I120p with the lower sign). 
The polarization degree (|112p through (|126|) reduces to 



(128) 



This function is displayed in Fig. [9^. It drops to zero 
at = 04_<,0+>, has maxima at O = and Q — oo, 
where it achieves the same values P(0 = 0) = P(© = 
oo) = 7V2p ) (with Pmax(a;aj) given by Eq. 

and at = 1, where 



P(0 = ±N/\N\) 



1 



1 



(129) 



(ii) In the case of orthogonal profile _L TV, 



(inferred from Eq. (|120p with the lower sign), Eq. (|119p 
turns to 



A+ = A^^ _^ (1 -iV^)- 



26^ 



(1 + 62)2^ 

and so polarization degree (|112p becomes 



P = 



iV2 (1 + e*) + 262 



1 + 64 + 2N^e^ + (1 + 6 



(130) 



(shown in Fig. [9)3). It reaches a maximum at 62 = 1, 
where 



Pmax(a;^,A^^) 



(131) 



1 



(l-a;^)(l+Ar^) 
^ Pmax(2^a;; I) = Pmax(^aj)- 



(As Fig. [5] indicates, 
Eqs. pT2l [TT91) . this 
e). At 6 = and cx) 



and can be proven based on 
is the absolute maximum for all 
, polarization is minimal with the 



t+ _L t 







value N^PmaA^iu)- 

The observed feature that at 6 = 1 the polarization is 
capable of achieving 1 looks odd, considering that sum- 
mation of portions of completely polarized light, but with 
different polarization orientations (vector Gq± with G 
given by Eq. (|63p . generally, rotates along with q±_), must 
result in decrease of the overall polarization degree. The 
explanation requires recalling the pattern of polarization 
alignment at a given q± (Fig. |4]). Since at 6 = 1 polar- 
ization is oriented along a perfect circle centered at the 
origin of the plane, and that circle remains self-coUinear 
under the rotations of q± corresponding to azimuthal av- 
eraging, the absolute polarization at this special angle is 
unaffected by the scattering isotropization. 

To conclude this subsection, note that the spots of 
high and directionally stable polarization at (6a;, 6j,) ~ 
(±1,0) are also attractive for extraction of a polarized 
photon beam by the radiation coUimation technology. 
However, with a collimation facility at disposal, one can 
obtain a polarized photon beam on an isotropic target 
as well - see the next subsection (and [s^). One should 
mind also that at 6 « 1 the radiation intensity is by an 
order of magnitude lower than at 6 « (see Fig. (TU]) . On 
the other hand, the region 6 « is polarized, too, though 
half that strong, which nevertheless might be beneficial 
given the order-of-magnitude higher intensity. Thus, for 
extraction of a polarized photon beam one may consider 
coUimating out the angular strip at 6^ ~ 0. 



C. Isotropic target (A'^ — 0) 

Since most substances of a natural origin are 
highly isotropic on macro-scales, all early studies of 
bremsstrahlung presumed the scattering isotropy. The 
results of classic works 0, 0, [1| are readily reproduced 
from our generic equations. 
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FIG. 10: Angular dependence ol the rescaled Bethe- 
Heitler radiation intensity in the semi-classical limit 

'^drT (Q)) / { "^^rT W) L «i (^oli'i li'i®) compared 
with the cross-section pre-factor 1/(1 + 0^)^, also represent- 
ing the differential intensity limit 1 (dotted line). 
The soft radiation angular distribution exhibits two "knees" , 
at « ^ and ~ 2 whereas the hard radiation only has one, 
at e « 1. 



Putting in our Eq. ([75]) AT = 0, one reproduces 
the equation for the polarization-dependent differential 
cross-section of bremsstrahlung in an isotropic medium 
obtained by May and Wick Q . To obtain separately the 
corresponding unpolarized differential cross-section and 
polarization, it suffices to let TV = in our Eqs. (|111[ 



isotr 



dT„ 



unpol 



dT„ 



iV=0 



87rQ;(gj^)i.ad 
m4(l + e2)2 



1+ ^"-/"','-^^:, !. (132) 



(1 + 62) 



Pisotr — P(Q!)^u;)|jy_Q 

262 



1 + 6^+2(1^(1 + 0^ 



r, (133) 



a. "Double-knee" in the angular distribution of soft 
radiation. The function 



1 + 6^ 

(i + e2; 



= 1 - 



262 



(1 + 62 



(135) 



determining at small x^^ the r.h.s. of Eq. (|132p at small 
Xc^, has a minimum at 6 = 1 (precisely where the dips 
in the non-averaged dWdip/dTgi are located). However, 
function {dWisoti / dT qf) in fact does not develop any min- 
imum or shoulder about this point, because of the pre- 
factor 1/(1 + 62)2 -^yjjich decreases more steeply than 
()135|) rises after its minimum. Nevertheless, some more 
subtle imprint of function (|135p remains in behavior of 
the Bethe-Heitler radiation angular distribution, as we 
will now demonstrate. 

Let us plot logarithm of {dWisou / dT qt) vs. the loga- 
rithm of 6 (at Xuj 1, to enhance the relative contribu- 
tion of (|135p ). In such kind of a plot hnear dependence 
corresponds to a power-law falloff. As compared with 
the behavior of the pre-factor 1/(1 + 62)2, .^yi^if.}^ j^^g 
this plot only one "knee" at 6 ~ 1, {dWisotr / dT q>) ap- 
parently has two "knees" - at about 6i « 0.5 and at 
62 ~ 2. In between of those two "knees" the behavior 
is close to ~ 6~2. Beyond 62, the falloff power turns 
to ~ 6~^, as is required by the Rutherford- like law men- 
tioned in Sec.|Vl This 2-knee shape of the radiation angu- 
lar distribution may be worth minding at poor statistics 
measurements, since at the second knee the differential 
cross-section is already down by a factor of nearly 10~2. 
But as Xt^ grows, the distribution approaches the 1-knee 
limiting form. 

b. Polarization maximum and its non-dipole destruc- 
tion. For what concerns polarization (shown in Fig.[9j:), 
again, the prominent feature is that it reaches 100% at 
^ 1, 6 = 1, in spite of the angular averaging. As 
already been explained in the previous subsection, this 
owes to the circular distribution of polarization at any 
given q±, but the example at TV = is just the most 
spectacular. With the account of non-dipole effects (see 
Appendix [Bl and @), polarization in the region 6 ~ 1 
must deplete, because the centres of the circles drift aside, 
and none of them coincides with the origin exactly. 



1 1 + 0. 



(134) 



Eq. (|132p is essentially the Bethe-Heitler's formula in the 
leading logarithmic approximation (the logarithmic fac- 
tor being contained in {q±)iad)- Relation (|134p is the 
observation of May and Wick 5] . It may be naturally in- 
terpreted as being due to domination of the dipole emis- 
sivity in directions orthogonal to that of the acceleration. 
1. e., the sample of events containing a photon at an an- 
gle is biased towards momentum transfers in matter 
orthogonal to 0. These events are then likely to contain 
photon polarization coUinear with q, and thus perpen- 
dicular to 0, in agreement with Eq. (|134p . 

There are yet two remarks on the radiation angular 
distribution which seem worth making. 



VIII. SPECTRUM AND NET POLARIZATION 
OF RADIATION CONE AS A WHOLE 

If angular resolution of the emitted radiation is not 
pursued in the experiment (which may become imprac- 
tical at 7 > 10'*), and only the natural coUimation due 
to emission from an ultra-relativistic particle is utilized, 
one must integrate Eq. pOSp over the radiation angles 
(which being small, basically form a plane): 



dTr, 



duj a;2 dok dto uP' d^Q 



uj 47r (27r)2 oj in-f'^ (27r)2 



(47r) 



'-de' 



2tt 



(136) 
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The angular integrations are carried out with the aid of 
the basic integrals 



J 2tt ^ 2 ^ ' 



00 



2n 



QiQjQlQm = g (SijSlm + Sildjm + Simdjl) Q'^, 

(137) 
(138) 



(1 + 92)2+" 



m!(n — to)! 
(n+1)! ■ 



The result is 



duj 
47rm^ 



dip 



J "^"^ 2^ (47r)2 \ dr,, 
|^(l-:E„)[2 + 2(Ar.e')'-Af' 



(139) 



The unpolarized spectral intensity (which otherwise 
might be obtained by integrating Eq. (|llip ) ensues 



unpol 



d(jJ 



y^/dW^ 

, \ duj 



27rm2 [ 3 
27rm2 



E 



E \ E E' 3 



(140a) 
,(140b) 



(see Fig. [TTb ) . Therein the dependence on TV" completely 
drops out - quite naturally, recalling that TV is represen- 
tative of the quadrupole dependence on q± , while after 
integration over it can only be contracted with the 
quadrupole tensor dependence on e' (as Eq. (|139p indi- 
cates) - and after summation over e', all that but aver- 
ages to zero. The integral of the Xi^-dependent expression 
in Eq. (|140ap (the area under the curve in Fig. [Tib) is 
unity: 



(141) 



Finally, the polarization deduced from Eq. (|139p is di- 
rected parallel to TV 



AT, 



and its degree equals 



2 1 



3x1 
4(1-0;^^) 



(142a) 



(142b) 



The semi-classical limit (x^ 0) of (|142bp at A'' = 1 
agrees with the polarization i of dipole radiation from a 
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FIG. 11: (a). Spectral distribution of the radiation energy 
(|140a|l normalized to its value ai Xt^ — 1. (b). Net po- 
larization of the photon beam for N independent of lo, 0. 
Polarization orientation is 11 N . 



classical charged particle in a planar undulator 9]. The 
Xij-dependent factor describes the polarization suppres- 
sion due to the photon recoil. The function Pnct/N'^ is 
shown in Fig. Illb . 

The practical value of the non-zero net polarization is 
that once there is a target with sizeable N'^/2, a polar- 
ized gamma-ray beam may be obtained on it, without the 
need for narrow coUimation and particular target thin- 
ness [3^ . The common known drawback of incoherent 
bremsstrahlung radiation is its continuous spectrum, but 
that may be coped with by measurement of the energies 
of all final products of the induced reactions. 

Vice versa, measurement of the net polarization may 
be used as yet another way for empirical determination 
of TV for a given target, now not requiring angular reso- 
lution. If one's aim is to obtain a polarized photon beam, 
this will be equivalent to the source calibration in situ. 



IX. SUMMARY AND OUTLOOK 

The concept of eciuivalent photons proves capable of 
giving yet new insight into the polarized bremsstrahlung 
problem. It offers fair simplifications to the electron 
spin summation procedure. In general, it also favors a 
view from the initial electron rest frame, wherein the 
polarization-correlated part of differential cross-section of 
the Compton process takes semi-classical, Thomson-like 
structure (the polarization- uncorrelated remainder being 
due to electron spin effects of no classical analog). The 
relation between those two frames is in itself interest- 
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ing because it is just a stereographic projection, which 
is known by its symmetry properties, and in particu- 
lar renders polarization of the radiation from an ultra- 
relativistic electron a distribution along a family of cir- 
cles. Furthermore, one of the circles is centered at the 
origin and is invariant under isotropization of momen- 
tum transfers in the medium. That entails existence of a 
special radiation opening angle, = 1- 7~^, at which the 
polarization tends to 100%, regardless of the scattering 
anisotropy degree in the medium (the target may even 
be isotropic). 

From the physical side, it is interesting that there must 
exist macroscopic targets, on which relativistic electron 
scattering, and hence the accompanying radiation, pos- 
sesses high degree of azimuthal anisotropy. Examples 
are single crystals oriented by one of their strong crys- 
tallographic axes at moderately small orientation angles 
10~^ 10~^rad with respect to the electron beam di- 
rection. The anisotropy of the scattering is partially 
spoiled by nuclei vicinities and by the radiation recoil 
(see Eq. (|104|) '). but nonetheless, values N"^ > 0.5 look 
realistic. 

Although anisotropy '--^ 0.5 does not manifest itself 
sharply in the angular distribution of radiation intensity 
(Fig. [7|), it makes distribution of the polarization quite 
rich (Fig. [5]). Results for distribution of the radiation 
polarization degree and direction obtained in Sec. IVII Bl 
indicate that there exist 4 polarization zeroes, 2 spots of 
enhanced polarization, and regions of polarizations direc- 
tion parallel to TV, as well as orthogonal to it. All those 
features may serve for diagnostics of regimes of particle 
passage through matter. 

The major practical value of polarized bremsstrahlung 
is its suitability for preparation of polarized photon 
beams (of continuous spectrum). Actually, there is a 
number of options for extracting polarized photons from 
the bremsstrahlung flow: 

(i) If only isotropic targets are at service, there is no 
alternative to the traditional method of coUimating the 
photon flow around the angle O = 1, i. c, 9 = 1 ■ 7"^. 

(ii) If the use of absorber collimators is prohibitive due 
to smallness of the radiation angles, as it tends to be at 
7 > 10"*, one needs an intrinsically anisotropic target, 
aggregate (naturally narrow) cone of photons emitted on 
which is polarized. But its polarization degree, according 
to Eq. (fT42b| . is < with < 1. For efficiency of 
such a polarized beam, it is desirable to have N'^ at least 
- 0.7-^0.8. 

(ii) Finally, if both the coUimation tool and an intrinsi- 
cally anisotropic target are available, one may either look 
for the highest polarization degree, isolating one of the 
two spots of enhanced polarization (see Fig. [8]). Or, if 
moderate polarization degree is acceptable provided the 
beam intensity is high, there is an option of coUimating 
out the strip of angles perpendicular to AT, in between of 
the polarization zeroes. 

In conclusion, regardless of the bremsstrahlung prob- 
lem, we draw attention to the formula (1^51) for the differ- 



ential cross-section of Compton scattering with arbitrary 
(including elliptic) photon polarizations, and to represen- 
tation ([2T|) for the electron scattering amplitude, which 
may prove useful for calculations of other QED processes. 
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APPENDIX A: CORRESPONDENCE WITH 
OTHER NOTATIONS 

In this appendix we will establish correspondence of 
our notations for radiation intensity in the dipole ap- 
proximation with some other notations widely used in 
the literature, in particular those of the non-dipole 
bremsstrahlung theory. 



1. Unpolarized dipole intensity 

For unpolarized radiation intensity, the dipole approx- 
imation, as obtained via spurring procedure, and often 
invoked in studies of radiation at multiple scattering in 
a medium (see, e. g., [11]), is 

rfW^unpoi 2Traql ( E E' 2m^uj 



dVq, EE'ql \E' E E''^ql 



This form is reproduced from Eq. if Eq. (|66ap is 
substituted for (Gqj_)^, and identity 

along with Eq. (|41ap is utiUzed. 



2. Polarization dependence description 

For differential cross-section of (non-dipole) polarized 
bremsstrahlung in a Coulomb field in the Born approx- 
imation, Gluckstern, Hull, and Breit quote a for- 
mula, which after some regrouping reads (see also [ssj . 
Eq. (8.2)) 



dPq^dVq, d^qi_ EE' 
I (2eP-^-2E'P^ 



p' ■ q' 



p ■ q 



p' ■ q'p ■ q' 



^p' ■ q' p ■ q 



The last term here, 

2 /p' • e' p e' 



p' -q' p-q 



p' ■ q' p ■ q' 



^ f 2&-e' 
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is O (7"^) relative to other terms, so all the polarization 
dependence is accumulated in the first parentheses term. 
The first parentheses, with the use of the second equality 
in Eq. (|41ap . owing to which 



Finally, the third block in 

P-q' v' -q' , 



p ■ q 



p ■ q 



1 



(A13) 



E 



E 



P-q p-q 

E' 



1 + 



p - q 



p - q' 



1 + (1^,7-^ 



and by relations p ■ e' ~ p' ■ e' — q ■ e' , p' ■ e' 
are reduced to 



(A4) 
-mS ■ e'. 



2eP ■ 


e' 


2E'P ■ " 


P'- 


q' 


p-q' 


2 








qi 


■e 


qz 







qx© e' 



Here one recognizes a connection of q±^ and e' through 
tensor G, i. e. the product Cp • e^. 

Actually, to a better accuracy one can prove that 



Cp • Bp = \ E 



p' ■ e' 



'E- 



,P-e' 



l+O 



p-q p-q 
The proof proceeds by substituting from (I41a|) 



p' - q' 



p-q 



7 = -^-- PZJ 



p' - q' 



e ■ p 



P-q' 



(A6) 



(A7) 



On the other hand, the l.h.s. of Eq. (jA6[) in terms of lab 
frame spatial polarization vectors e, e' takes the form 



may be neglected, or combined with (|A11[) to give ex- 
actly factor instead of q^. Thereby, the equivalence 
of Eqs. dMl) and ((X3|) is proven. 

However, let us yet assess the accuracy of Eq. (jA12|) . 
In its l.h.s., 



p-q-p-q 



q ■ q 



W0 



i^qz 



(A14) 



So, the accuracy of the equivalent photon approxima- 
tion for the electron spin dependent part of the radiation 
differential probability is worse than that for a spinlcss 
particle, and is only 0{q/m) instead of 0{q^ /m?) [sd ]. 
Block 



p' ■ e' ,p - e' 
2E—. - 2E'^ 



p' - q' 



p - q' 



(A15) 



in (|A3p is often given an interpretation of the exact am- 
plitude of spinless particle bremsstrahlung on a static 
potential, the rest of the terms of Eq. (|A3p being at- 
tributed to effects of electron spin. In our framework, 
instead, term (jA15|) originates from the photon polariza- 
tion correlator (|A6[[29|) . which suggests an interpretation 
in terms of the initial electron rest frame. Those inter- 
pretations are essentially the same. 



, e-p ,e -p 
-e • q ep-q 

P-q P-q 



(A8) 



-e • q- 



e ■ p 
1 

P-q 



e ■ q 



P-q 



1'1 \ ^' 'P ^Aa\ 



P-q 



Recasting further q-q' = p ■ q — p ■ q' + q^ /2, and grouping 
terms with the like denominators, yields 

/ 2 

ep-e'p = -e'-p'^+e-p'^ + —^ jc-pe'-p. (AlO) 

p-q p-q ^p - qp - q 

Obviously, to accuracy O (q^/m^) the last term in 
Eq. IjAlOp may be dropped, and p ■ q ^ p' ■ q' , so r.h.s. 
of Eq. (jAlOp coincides with that of Eq. ((J7| . 

Returning to Eq. (|A3p . its second term simplifies to 



APPENDIX B: NON-DIPOLE MODIFICATION 
OF THE RADIATION ANGULAR 
DISTRIBUTION 

Some of qualitative features of the dipole approxima- 
tion actually survive also in the non-dipole case - the 
existence of dips, and the circular pattern of polarization 
orientation. Consider the main polarization-dependent 
part of the non-dipole expression (jA3p - first parenthe- 
ses. In terms of radiation angles introduced in Sec. IIVI 
it may be written as 



7-i6» 
7-2 + 02 

Substituting there 



r 



v'-2 



+ 6'^' 



(Bl) 



q2c^2 



p'-qp-q' (i-a;c^)'7r 

which equals to the product of (gS]), (US) and ((50)) 

^2 



(All) 



jp-q-p-q') 2 12 

p ■ qp ■ q ' ^ 



q2^2 



p' ■ q'p ■ q' 



(A12) 



e' 



E6 



E' 



from p9ap . and 6 ~ j ^0, (jBip converts to 
+ 



1 + 62 i + (0 + ^)^ 



(B2) 
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This vector expression has zeroes at 

Q,± = 

in the dipole hmit agreeing with Eq. (p7|) : 
9«™ |q| 




(B3) 



(B4) 



As for the circular distribution of the polarization di- 
rection, let us point out that for (jB2[) . at arbitrary g/m, 
there exists a proportionality relation 











0*+ 

_(0-0,_)2 " (0-0,+ ) 
with C a scalar function 

(0-0,-)^ (0-0,+ )^ 



C(q,0) 



(1 + 02) l + (0 + ^) 



1 



4m ^ 
9^ 



(B5) 



(B6) 



In r.h.s. of Eq. (|B5[) . the vector function in brackets has 
the appearance of a 2d finite-size dipole, while for the 
latter it is common known, e. g., from the theory of 
functions of a complex variable, that its force lines are 
a family of circles passing through the source location 
points; the latter points coincide with the intensity dips 
(jB3|) . However, the non-dipole circular pattern will not 
be consequential that much as for the dipole case (see the 
end of Sec. lVip . because centres Ocontr of those circles lay 
on the line 



0++0 



(0+ + 0_) = O, 



0+ + q\ 
2 2m J 



and at q/2m ^ 1 displacements of all centres from the 
origin are not small compared to the circle radii. 
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Note that p-p' — = p-q — p- q' , and the electron mass 
does not appear explicitly in further formulas. This is in 
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In the standard equivalent photon method formulation 
[iBI, Agcat traditionally (since [l^) is treated in the Born 
approximation, i. e. as a Fourier transform of the scat- 
terer field, implying the equivalent photon to be single 
onr. But in the present treatment, based on the high- 
energy factorization theorem such a restriction is relaxed. 
It may be worth emphasizing that it is due to the gauge 



_L p that the photon polarization 4-vector product differs 
from zero. In the initial gauge, one would have e ■ e' = 0. 
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tion in Sec. [Til when commuting spin matrices, we had 
neglected the terms containing Bp ■ q, which are cx q^. 
But the entire dipole amplitude appears to be oc q± (see 
Eq. ((80}). So, for spin | particles the accuracy of the 
equivalent photon approximation is only 0{q±). 



